Introduction
Among the ferroic systems, ferroelectrics are subject to intense scrutiny by the scientific community due to their promising impact on current and future energy-efficient technologies [1] [2] [3] [4] . The low-energy consuming electric field driving their polarization direction, and therefore their functionality, makes ferroelectrics of interest for novel device applications. In the drive for power-efficient oxide electronics, the recent development regarding the control of thin film ferroelectricity spans from the determination of critical thicknesses in the ultrathin regime [5, 6] to ferroelectric domain engineering using epitaxial strain [7, 8] . Since all ferroelectrics are piezoelectric, their range of applications can even be extended beyond charge-based memory devices to include mechanical device concepts such as stress sensors, etc. [2] . Furthermore, in the case of coexisting electric and magnetic orders in multiferroic thin film materials, new avenues toward increased data storage density can be realized [9] [10] [11] . A memory bit could indeed be stored independently in the magnetic and in the ferroelectric state. In addition, when the two ferroic orders are coupled, the 2 of 29 magnetoelectric coupling can enable the implementation of energy-efficient, electrically writable magnetic memories [12] [13] [14] [15] .
Reviews on SHG and its potential for probing ferroic states in bulk crystals are available in the literature [16] [17] [18] . Here we place the emphasis on recent development in SHG for investigating ferroelectric and multiferroic thin films and heterostructures. Therefore, the first part of this review is devoted to ferroic domain design in thin layers and superlattices. In the following sections, we review the progress made in SHG as tool to access the properties and challenges posed by ferroelectric and multiferroic domains in thin film architectures. By its symmetry sensitivity and its non-invasive nature, SHG appears as a complementary tool to the traditional approach by scanning probe microscopy (SPM) and electron microscopy.
Ferroelectric Thin Films
While tremendous advances have been made in understanding ferroelectrics on their own, fundamental aspects of their behavior in the ultrathin regime or once inserted in multilayers or superlattice architectures are still under intense investigation [19] [20] [21] . The buildup of a ferroelectric polarization P in a material is accompanied by the accumulation of bound charges at its surfaces. As a result, the system hosts an internal field, induced by these bound charges, which is oppositely oriented to the polarization direction; see Figure 1 . This depolarizing field D depends on the thickness of the ferroelectric layer and its electrostatic environment, such as the presence of metallic electrodes or the surrounding gas partial pressure and their respective charge screening efficiencies [22] [23] [24] . The role of the depolarizing field becomes critical in ultrathin ferroelectric single layers and in superlattices, where interface effects may become predominant [19, 21, 25, 26] . As illustrated in Figure 1 , a small change in film thickness and charge environment will have a drastic influence on the manifestation of a ferroelectric state and its domain configuration. For instance, in superlattices, polarization can be stabilized at ultra-low thickness [27, 28] or a global enhancement of ferroelectricity can be achieved [29] . In a charge compensating environment, a single domain state is favored in a wide range of thicknesses; see Figure 1b . In the case of absent or incomplete charge screening, the presence of the depolarizing field will result in splitting of the single-domain state into a 180 • multi-domain pattern, the formation of flux-closure domains or the emergence of ferroelectric vortices depending on the thickness and strain state considered; see Figure 1c .
In ferroelectric-based heterostructures, the intricate character of the interactions between polar and non-polar, metallic and non-metallic layers and the difficulty to access buried ferroelectric states renders the control of polarization challenging. Furthermore, probing the emergence of ferroelectricity or the domain state in thin films as function of thickness, strain and temperature is hindered by the lack of contactless probing techniques. Leakage currents [30] in the ultrathin regime and at elevated temperatures prevent the understanding of ferroelectricity in the low thickness regime.
On the structural level, pioneering theory and experimental work dealing with ferroelectric thin film behavior under epitaxial stress evidenced the potential of epitaxial strain as a new degree of freedom for controlling the ferroelectric state in single layers [7] . In situ oxide growth diagnostic tools such as reflection high energy electron diffraction (RHEED) [31] together with the development of single crystal substrate manufacture, allow precise engineering of the strain state in high-quality thin films. Using a combination of phase field simulations and experimental techniques, it was further shown that strain can be used to tune the ferroelectric polarization [32] , enhance the Curie temperature [33, 34] and induce a selectivity to specific ferroelectric switching events [35] . Epitaxial strain can also be used to induce a ferroic state. For instance, ferromagnetism was strain induced in orthorhombic LuMnO 3 thin films [36] while a polar state was stabilized in tensile strained SrMnO 3 thin films [37] . However, experimental evidence of such a control remains inaccessible in multilayer architectures due to the increasing role of interfaces and the lack of a direct probe of ferroelectricity in a buried configuration. Thickness dependence of the polar state in ferroelectric thin films. (a) The polarization P and depolarizing field D have a thickness dependence, resulting in the minor influence of the depolarizing field on polarization in the high thickness range and a suppression of polarization at low thicknesses; (b) When the bound charges can be screened by the environment, the depolarizing field is minimized and a single domain state can be stabilized over a wide thickness range; (c) In the absence of charge screening, however, the depolarizing field favors a multi-domain state. Flux closure or vortices can also form in a specific thickness or strain regime.
Multiferroicity in Thin Films
The so called multiferroic materials are defined in the single-phase case by the simultaneous presence of two or more ferroic orders. Hence, a ferroelectric state can under certain conditions coexist with magnetic order [38] . Multiferroic materials were first investigated in the late 1950s and were the subject of an intense revival when the scientific community became aware of their high potential towards low-energy consuming electronics [39, 40] .
Taking advantage of the progress in thin film deposition techniques, the early motivation for multiferroic thin-film growth resided in reproducing multiferroic bulk properties in reduced dimensions to lower the external switching field requirements for applications. The pioneering results in the field deal with the growth of multiferroic magnetoelectric BiFeO 3 (BFO) thin films [41] and multiferroic hexagonal manganite thin films [42, 43] . In both cases, the coexistence of magnetic ordering and ferroelectric polarization was shown. The multiferroic thin film research field subsequently evolved and led to the development of strain engineering of multiferroic properties [44] [45] [46] and the design of artificial multiferroic heterostructures where multiferroicity is introduced as a product effect by the combination of different ferroic constituents [44] .
Following the recent development of the electrical control of magnetization using multiferroics [47] , the development of experimental techniques giving access to multiferroic and magnetoelectric domain configurations has become a priority for the scientific community.
Ferroic Domain Engineering in Single Layers and Superlattices
The combination of epitaxial strain, surface termination and electrostatics in ferroic thin films and heterostructures can be used for domain engineering. Deterministic control of the domain formation process toward the design of complex ferroic states in three dimensions is a necessary means to realize next-generation oxide-based devices [48] [49] [50] [51] .
One instructive example of strain engineering the ferroic domain structure in single layers is the case of multiferroic BFO thin films. In this system, Chu and coworkers [52] demonstrated the ability to modify the ferroelectric domain state by using relevant substrate orientations and surface states. Starting from the eight symmetry-allowed polar axes along the <111> crystallographic directions of the pseudo-cubic unit cell, the number of as-grown ferroelectric variants could be tuned to either a four ferroelectric variants or a two ferroelectric variants configuration, when grown on the cubic perovskite (001) or (110) orientation of SrTiO 3 (STO) substrates, respectively. A single domain state could be achieved when using (111) oriented STO (see Figure 2a -c). Further tuning of the domain architecture was achieved with the use of scandate substrates [53] . DyScO 3 (DSO) crystallizes in the orthorhombic space group with a pseudo-cubic unit cell exhibiting a slight anisotropy between the in-plane lattice parameters [54] . This results in an in-plane anisotropic strain which can further lift the degeneracy of polar domains of perovskite ferroelectrics [53] . Scandate substrates have also been used to induce multiferroicity in STO thin films [55, 56] and EuTiO 3 layers [57, 58] . Beyond epitaxial strain considerations alone, the macroscopic out-of-plane polarization orientation and the domain state in thin film ferroelectrics also drastically depend on their electrostatic [59] and the surface termination of the substrate [60, 61] . Screening conditions affect the stability of domain walls and are a key parameter in the control of complex domain structures. By inserting a dielectric layer between the ferroelectric thin film and the metallic buffer, the 109 • stripe domain state could be favored in BFO [62] and 180 • domains were stabilized in PbTiO 3 (PTO) [63, 64] ; see Figure 2d ,e, respectively.
By tuning ferroelectric layer thicknesses and controlling the nature of the charge screening environment in heterostructures and superlattices, it is possible to engineer the ferroelectric domain architecture in three dimensions [61, 65] . A prominent example is the formation of ferroelectric vortex domains in PTO/STO superlattices, as shown in Figure 3a ,b [48] or the stabilization of flux-closure domain patterns in PTO single layers inserted between two STO dielectric layers; see Figure 3c [65] . The direct observation of three-dimensional ferroelectric and multiferroic domain architectures is however not trivial. The conventional SPM technique usually requires the contact with the functional layer and is inherently surface sensitive, therefore lacking the demanded depth analysis of the structure. A particular challenge arises in probing domain structures in a multilayer configuration where the ferroic layers are capped by an impenetrable layer. In active devices, the functional layer is often capped by a conducting electrode which limits the piezoresponse force analysis to the out-of-plane polarization component [4, 66, 67 ].
Current Challenges in Probing Ferroic Domains in Thin Films
Currently, state-of-the-art observation of ferroelectric domain distribution in the volume is provided primarily by scanning transmission electron microscopy (STEM). This imaging technique allows spatial mapping of local polarization but remains a destructive analysis and is highly dependent on the sample preparation. Other experimental techniques such as synchrotron X-ray diffraction-based techniques [21, 26, 68] can identify polarization orientation and additional periodicities originating from domain formation, but the involvement of large-scale facilities renders their generalization towards day-to-day operation impractical. For a complete understanding of the role of epitaxial strain and electrostatics at the created oxide interface, noninvasive access to the polarization state is essential.
When it comes to probing several ferroic orders simultaneously, as is desirable in multiferroics, additional experimental constraints need to be considered.
Most ferroelectric multiferroic materials exhibit antiferromagnetic ordering and therefore do not possess a net magnetic moment. Hence, antiferromagnetic domain visualization remains challenging. An efficient way to observe antiferromagnetic domains is using the principle of ferroic domain imprint transfer [69] [70] [71] [72] [73] . A thin ferromagnetic layer is deposited in direct contact with the multiferroic layer. The interfacial exchange coupling with the underlying antiferromagnetic layer results in the formation of ferromagnetic domains in the ferromagnetic film that can be resolved using scanning electron microscopy with polarization analysis (SEMPA) [72] as shown in Figure 4a ,b, or magnetic force microscopy (MFM) [72, 74] . The underlying ferroelectric domain state is however no longer reachable using conventional scanning probe experiments, i.e., piezoresponse force microscopy (PFM), after the ferromagnet has been deposited.
Recently, a single spin magnetometer technique was developed based on point-like impurity nitrogen-vacancy (NV) defect in diamond [75] [76] [77] . This scanning-probe technique was used to spatially resolve the local magnetic order in multiferroic antiferromagnetic BFO thin films [78] . A periodic modulation in the magnetic response corresponding to a spin cycloid was measured within a single ferroelectric domain; see Figure 4c ,d. This spatially resolved characterization of antiferromagnetic domains does not prevent the subsequent ferroelectric analysis in the same surface area and signifies important progress towards the analysis of multiferroic domains.
However, the direct access to multiferroic domains in buried configurations, i.e., in a device architecture or in a superlattice, remains impossible using the scanning probe approach. 
Optical Second Harmonic Generation for Investigation of Ferroic Materials
Optical second harmonic generation (SHG) offers a complementary approach to SPM analysis in ferroic analysis. It is non-invasive, contact-free and can probe the entire volume of a thin film structure including buried layers in heterostructures. 
SHG in Bulk Ferroic Systems
Optical SHG refers to the frequency doubling of a light wave. The SHG emission in a crystal depends on its point group symmetry and SHG is therefore in general sensitive to any point symmetry violation in the material. Since the emergence of ferroic order is intimately linked to a lowering of the crystal point-group symmetry, such ordered states are aptly probed with SHG [16] [17] [18] 79] . More importantly, this technique can be used to probe coexisting ferroic states, as in multiferroics. The source term for SHG is described macroscopically by the tensor Equation (1).
The tensor components χ ijk belong to the third-rank second-order susceptibility tensor χ (2) , parameterizing the non-linear light-matter interaction. The indices i, j and k are defined with respect to the crystallographic axes of the crystal x, y and z and denote the directions of the respective oscillating fields. E is the electric field component of the incident light at frequency ω, and P is the polarization at frequency 2ω induced inside the material. This induced polarization acts as a source of an emitted, frequency-doubled, light wave with intensity I SHG ∝ |P (2ω)| 2 . The point-group symmetry of a compound determines its set of tensor components χ ijk = 0. The allowed tensor components for each symmetry group can be found tabulated in literature [80] .
Experimentally, specific χ ijk components can be accessed through a careful choice of incident and detected light polarization [16] [17] [18] . The spectral dependence of the χ (2) tensor can be determined using a tunable wavelength light source and can provide in-depth information on specific electronic transitions and optimal SHG response [81, 82] . A schematic of a basic SHG set up in transmission is given in Figure 5 . The direction of polarization of the probe beam is defined by the polarizer angle, and the polarization direction of the detected SHG light is projected along the analyzer angle, as indicated in Figure 5 . Because the second harmonic light is spectrally distinct from the fundamental light, the SHG frequency can be simply monitored separately from the probe beam intensity and is as such a background-free characterization technique. Figure 5 . Typical SHG measurement setup in transmission. The incident probe beam is linearly polarized by a Glan-Taylor prism (GT 1 ). The polarization of the probe beam is then set to an arbitrary polarization state by a rotatable wave-plate. WP 1 can be a half-wave-plate for linear polarization states or a quarter-wave-plate to achieve circular polarization. The spot size on the sample is controlled by a focusing lens L 1 . Low-pass filter F 1 removes any second harmonic light generated in the polarization optics before the sample. The fundamental beam and higher order harmonics are blocked by band/high-pass F 2 and low-pass F 3 filters. The SHG light is collected by L 2 , and the polarization state is analyzed by projection on a second, rotatable, GT prism (GT 2 ). The SHG intensity is integrated after passing a monochromator (MC) and photomultiplier tube (PMT). In the case of spatially-resolved SHG, L 2 is exchanged for a (microscope) objective lens and the detection unit is replaced with a CCD camera. The incident angle θ can be changed by rotating the sample around the y-axis.
In the specific case of ferroelectrics, inversion symmetry is broken by a polar distortion, allowing non-zero χ ijk components. To characterize the polar distortion along a certain crystallographic direction, and to be able to discriminate between excited tensor components, one can fix the detected polarization direction of the second harmonic light, i.e., the analyzer angle, while rotating the polarization of the probe beam. Here, we refer to such characterization as polarizer measurements. In general, the polar axis of the investigated sample can point along an unknown direction. This orientation can be accessed by fixing both the incoming and detected light polarization while rotating the sample along the azimuthal angle defined by the sample surface.
Equivalently, this in-plane polar anisotropy measurement can also be performed with a simultaneous rotation of the polarization of both probing and detected light while keeping the sample position fixed. Because the SHG technique only probes polar distortions projected on a plane perpendicular to the k-vector of the incident light wave, it may be necessary to introduce a tilt of the angle of incidence (denoted by θ in Figure 5 ). This changes the direction of the k-vector with respect to the crystal and provides access to certain domain orientations.
SHG is a well-established technique to non-invasively probe bulk materials where domain dimensions are expected to be larger than the spatial resolution limit (about a micrometer). Indeed, it has been used to image ferroelectric domains [83] , antiferromagnetic domains [84, 85] and more recently multiferroic domains in bulk systems [86, 87] , as can be seen in Figure 6 . Local symmetry mapping is performed by selectively coupling to SHG tensor components which are domain orientation dependent. Spatially-resolved SHG, using a charge-coupled device (CCD) camera detection system, then shows domains with 90 • relative orientation in different brightness; see Figure 6a . Since each phase of a material corresponds to an individual set of non-linear tensor components, phase coexistence can also be mapped using optical SHG. Figure 6b demonstrates the presence of orthorhombic twins in a tetragonal BaTiO 3 (BTO) crystal. Furthermore, domains with opposite order parameter, i.e., ±P in the ferroelectric case, emit SHG light waves with a relative 180 • phase shift. Superimposing these light waves with a reference light, one can achieve domain contrast and observe oppositely oriented domains with different brightness [79, 88] .
Moreover, the emergence of SHG signal as a function of temperature is a powerful method to identify the critical temperature of phase transitions in the ferroic compound under investigation. This is particularly useful when standard characterization techniques are unable to characterize the emergence of the ferroic order [86] .
For exemplifying the relation that connects a particular pattern of ferroic domains to a specific polarization-dependent SHG signal we consider the case of a single-domain ferroelectric state in the multiferroic model system BFO. The point symmetry of ferroelectric BFO allows a set of independent non-zero SHG susceptibilities. These are described as complex values so that they possess an amplitude χ ijk and a relative phase Ψ ijk . The resulting ferroelectric SHG signal is then given by [88] :
With z as surface normal, we find χ xxx , χ xxy , χ xyy , χ yyy , χ yyx , χ yxx , χ xzz , χ yzz , χ zzx , χ zzy as non-zero independent components for BFO (and accordingly for Ψ ijk ) in accordance with its point symmetry group m. The effective polarization components of the SHG wave are given by P x (2ω) ∝ χ xxx e iΨ xxx cos 2 θ sin 2 ϕ + 2χ xxy e iΨ xxy cos θ cos ϕ sin ϕ + χ xyy e iΨ xyy cos 2 ϕ + χ xzz e iΨ xzz sin 2 θ sin 2 ϕ (3) P y (2ω) ∝ χ yyy e iΨ yyy cos 2 ϕ + 2χ yyx e iΨ yyx cos θ cos ϕ sin ϕ + χ yxx e iΨ yxx cos 2 θ sin 2 ϕ + χ yzz e iΨ yzz sin 2 θ sin 2 ϕ (4) P z (2ω) ∝ 2χ zzx e iΨ zzx cos θ sin θ sin 2 ϕ + 2χ zzy e iΨ zzy sin θ cos ϕ sin ϕ
Here, θ is the tilting angle, defined as the angle between the surface normal of the film and the k-vector of the incident light (θ = 0 • corresponds to normal incidence). Furthermore, ϕ is the angle between the polarization of the linearly polarized incoming light and the y-axis; see Figure 5 . Based on Equations (3)-(5), measurement of the polarization dependence of the SHG signal hence reveals the orientation of the ferroelectric polarization. In the general case, additional aspects increase the complexity of Equations (3)- (5) . For example, in the case of a multidomain pattern, the spontaneous polarization of the single domain is either replaced by the net polarization of the domain pattern or the respective SHG waves associated to each contributing domain state are added up to reveal the total SHG yield of the domain pattern [88] . Furthermore, surface SHG contributions and Fresnel coefficients in the beam propagation [89] may have to be considered.
Special Considerations in Thin Film SHG Experiments
Nonexistent in bulk systems, the presence of a substrate in the thin film system can have a significant influence on the SHG response. The substrate material may itself produce a non-zero SHG signal (see Figure 7) [88] that can interfere with the thin film response. Additionally, due to the breaking of inversion symmetry at surfaces and interfaces, there is often a surface contribution to the SHG response [86, 88, 90] . These additional components should be considered in thin film experiments as they may be a dominant part of the SHG signal in reduced volume conditions of the ferroic layer.
On the other hand, such parasitic SHG provides a reference light wave which can be used in interference experiments to achieve domain contrast in imaging experiments [79, 86, 88] . The substrate-induced SHG response in the case of a DSO substrate measured in transmission is shown in Figure 7a . The surface-related SHG signal emerging from a centrosymmetric SrRuO 3 (SRO) metallic oxide measured in reflection is shown in Figure 7b .
For full access to the possible orientations of polar axes in a thin film material, it is often desirable to generate SHG in transmission where surface contributions can be avoided in normal incidence configuration. However, while thin films of only a few tens of nanometers in thickness have negligible absorption throughout the visible and near-infrared spectrum, the absorption spectrum and possible birefringence effects of some substrates might affect the thin film SHG detection [16, 80] . To minimize the substrate SHG contributions in thin film measurements, it may be advantageous to use an experimental setup in reflection geometry. There is therefore no standard SHG setup for thin films analysis and the balance between substrate, surface, and thin film contribution must be optimized in each measurement. Finally, in contrast to many bulk systems, the expected domain sizes in thin films are usually below the optical SHG resolution limit. While certain sub-resolution features can be detected using SHG under the proper conditions, the efficiency to probe a ferroelectric state in thin films with SHG truly comes into its own when single domain or macroscopically-ordered domain systems are selected, i.e., when a macroscopic net polarization is present.
Probing Ferroic States in Thin Films Using SHG
In the following sections we review the major areas of application of SHG for probing ferroic states in thin film single layers and heterostructures. Results dealing with prototypical ferroelectric PbZr 0.2 Ti 0.8 O 3 (PZT) and multiferroic BFO materials are highlighted.
Optical Second Harmonic in Domain Engineered Ferroic Thin Films
The SHG technique is a powerful technique for the analysis of polar states in thin films possessing a net ferroelectric polarization, i.e., in a single domain state or in domain-engineered systems [88] . Uniaxial tetragonal ferroelectric PbZr 0.2 Ti 0.8 O 3 (PZT), the most technologically relevant ferroelectric compound, shows a thickness-dependent domain distribution [91] . A fully strained film can exhibit a single domain state with a polar axis pointing out of plane, along the long tetragonal c-axis. Above a threshold thickness (of about 60 nm in the case of PZT grown on LaAlO 3 substrates [91]), strain relaxation will induce a coexistence of nanosized in-plane oriented domains, i.e., a-domains with a polarization pointing along the in-plane oriented long axis, together with the out-of-plane c-domains [92, 93] .
The a-domains nucleate from either the top or the lower interfaces and their distribution in the volume can have major implication on the ferroelectric switching dynamics and thus on the targeted applications [94] [95] [96] . It is, however, non-trivial to access the ferroelectric domain distribution in the thin film volume when using scanning probe techniques due to their limited depth sensitivity.
As discussed in the previous section, the optical SHG technique only probes polar distortions projected on a plane perpendicular to the k-vector of the incoming light wave [16] [17] [18] . It is, therefore, possible to disentangle the contribution of aand c-domains by changing the orientation of the ferroelectric polar axis with respect to the incident light beam [97] .
The single-domain state of a thin film (15 nm thick) with a polarization pointing out of plane can be confirmed by PFM as shown in Figure 8a . For a fully c-oriented tetragonal film with point group 4mm, three independent χ ijk components (χ zzz , χ zxx and χ xzx ) are non-zero [80, 97] . At normal incidence (θ = 0 • ), no second harmonic response is expected since the out-of-plane directed ferroelectric polarization then points along the k-vector. When tilting the ferroelectric system with respect to the incident light beam, the increment of the incidence angle will result in an increase of the associated SHG signal as shown in Figure 8b . The specific light polarization configuration is described in the inset of Figure 8b . The angular dependence of the SHG light in the polarizer measurement identifies the projection of the polar distortion to be along the direction of the double-lobe shape, as seen in Figure 8c . Here, the [001] DSO direction of the substrate is orthogonal to the tilt-axis ([1-10] DSO ) and represents the projection of an out-of-plane polarization. For a thicker layer, the epitaxial strain relaxation promotes the growth of nanosized stripe-domains with an in-plane polarization orientation, as evidenced by the PFM scan performed on the 75 nm thick film in Figure 8d . Here, specific light polarization configurations allow discriminating between the in-plane (in black) and the out-of-plane (in blue) contributions to the nonlinear optical response, as shown in Figure 8e . It is worth emphasizing that the SHG intensity associated with the in-plane domains is non-vanishing at normal incidence (θ = 0 • ), where no contribution is expected from c-axis (out-of-plane) domains. The polarizer measurement shown in Figure 8f highlights the presence of a macroscopic in-plane polarization directed along [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] DSO . Note that in the presence of a complex sub-optical-resolution domain architecture where two sets of orthogonally oriented a-domains coexist [93] , the SHG signal will not yield the spontaneous polarization of each domain but rather reflect the direction of the macroscopic in-plane net polarization resulting from the sum of all the a-domain contributions. In the present case, this corresponds to a 45 • rotation of the polar axis shown in Figure 8f , as further discussed below for the case of BFO films. SHG is therefore sensitive to ferroelectric domains smaller than the optical resolution and the presence of a-domains throughout the volume of the film can be identified optically [97] . We note however that complementary scanning transmission electron microscopy is necessary to address specific domain morphologies throughout the film thickness [97] .
The correspondence between the angular dependence of SHG and the orientation of the polar axis can be exploited further to identify the direction of a net polarization when more complex domain structures are considered [88] . For example, domain-engineered multiferroic BFO films subject to an in-plane anisotropic strain present two ferroelectric variants arranged in a stripe pattern (Figure 9a ) [88] . The in-plane projections of the polarization in adjacent domains differ by 90 • as highlighted by the small white arrows in the PFM scan in Figure 9a . This produces an average net in-plane polarization orthogonal to the domain wall elongation (indicated by the large white arrow in Figure 9a ). The angular dependence of the SHG light therefore manifests as a two-fold shape oriented along the macroscopic polar axis direction as shown in Figure 9b .
In the absence of such in-plane anisotropy, four equivalent ferroelectric variants nucleate, characterized by the absence of an average macroscopic in-plane polarization (Figure 9c ). In this case, the associated SHG signal does not depend on the sample orientation; see Figure 9d . SHG can also detect subtle structural changes such as strain dependent monoclinic distortions in epitaxial films. In particular, large compressive strains (>4.5%) in BFO films induce a tetragonal-like distortion favoring the emergence of a pseudo-tetragonal phase, i.e., BFO T-phase, while smaller compressive strains are associated with a rhombohedral-like distortion stabilizing the pseudo-rhombohedral phase, i.e., BFO R-phase [98, 99] . These two phases possess the same monoclinic point group m but are characterized by a rotation of the in-plane polarization of 45 • at the unit-cell level [100] . With SHG, these two phases can be simply distinguished by observing the direction of the double-sided lobe [88, [101] [102] [103] as shown in Figure 10a ,b. Note that the orientation of the polar axis is inclined by a few degrees with respect to the crystallographic axes due to the monoclinic distortion.
The R-and T-phases can also coexist in the same thin film system [98] . At the strain-driven morphotropic phase boundary, exotic conducting states and enhanced piezoelectric coefficients have been observed [104, 105] . The SHG contributions associated with the two phases have different relative intensities as a function of the angle of incidence [101] [102] [103] 106] as shown in Figure 10c . The pseudo-tetragonal phase (in red) has a symmetric behavior similar to a genuine tetragonal structure (cf. Figure 8b) , while the SHG response of the R-phase (in green) reflects its polarization anisotropy. These distinct behaviors allow associating the nonlinear optical output at different incidence angles to the two ferroelectric phases, as shown in Figure 10d ,e. In particular, a measurement at θ = 45 • will be sensitive to the T-phase, while at normal incidence the SHG output is associated to the R-phase. For a fixed substrate, i.e., strain state, the strain relaxation with increasing thickness will modify the relative ratio of BFO T-and R-phases. This structural evolution results in a symmetry change for BFO films at various thicknesses that can be studied with SHG [107] . In ultrathin films grown in a compressive strain state using Nb-doped STO as substrate, a four-fold rotational symmetry associated with the absence of in-plane anisotropy is attributed to the T-phase [107] as shown in Figure 11a . Around 100 nm, there is a transition regime where both phases coexist, while at 180 nm the polar axis of the R-phase is fully developed as observed in Figure 11b ,c. 
Imaging of Ferroic Switching Events
Optical SHG polarizer and anisotropy measurements probe the net polarization state of thin films in various domain configuration and phases. To visualize domains, domain walls and electric field induced switching events, the symmetry investigation can be combined with spatial resolution when performing SHG imaging.
Understanding the dynamics and switching mechanisms of ferroic switching events is the first step towards a deterministic control over the targeted functionality. While ferroelectric switching events can be probed at the nanoscale using a combination of STEM and PFM [95] [96] [97] , complex switching events in magnetoelectric multiferroic compounds require the ability to map several coexisting order parameters at the single domain scale. In BFO thin films, the electric-field-induced change in the antiferromagnetic domain configuration has been demonstrated [108, 109] at the scale of the ferroelectric domains. In Figure 12a ,b, the local change of magnetic order after voltage application is shown using a combination of PFM and photoemission electron microscopy (PEEM) [108] . This seminal work established the one-to-one coupling between the ferroelectric domain architecture and the corresponding antiferromagnetic domains. The electric field control over this domain correlation led to the deterministic observation of electric field induced magnetization reversal in BFO-based heterostructure at room temperature [11] [12] [13] [14] 110] .
Using spatially-resolved SHG, the respective domain structure of each ferroic order and their mutual coupling can be non-invasively probed. As mentioned previously, the as-grown domain architecture in ferroic thin films is typically well below the optical resolution limit (see Figure 12 ). On the other hand, using scanning probe techniques, it is possible to electrically write macroscopic single domains that are large enough for SHG imaging. Taking advantage of interference effects between oppositely polarized domains and surface contributions [88] , one can selectively resolve either the voltage induced domain walls or domains; see Figure 12c -e. Starting from an as-grown ordered ferroelectric domain pattern, SHG imaging together with symmetry component analysis can distinguish between different types of scanning tip-induced switching events [88] . Therefore, specific switching events induced by the trailing field (originating from the lateral movement of the tip during the scan) [111, 112] can be optically probed, as shown in Figure 12f Furthermore, the simultaneous evolution of several ferroic orders upon application of external fields can also be visualized using spatially resolved SHG [113] . By symmetry component analysis of the local SHG response, contributions from both ferroelectric domains and antiferromagnetic domain variants were deconvoluted in BFO thin films ( Figure 13 ). The individual symmetry components were isolated using spatially resolved polarizer measurements. The anisotropy of the light polarimetry distribution was identified and correlated to the presence of different antiferromagnetic domain variants, superimposed on the ferroelectric response; see Figure 13b . Comparing the spatially resolved SHG response of the domain structure before and after application of a scanning probe-tip induced external electric field, it could be observed that the switching of the ferroelectric polarization was accompanied by a change in the antiferromagnetic domain state [113] . This optical ferroic domain-mapping capacity demonstrated in the case of BFO thin films opens new avenues toward the determination of magnetoelectric switching dynamics in multiferroic-based heterostructures. It has to be emphasized here, that the polarization orientation in thin films can be probed with SHG even when the layer is capped with a top electrode [88] . Figure 14 shows the PFM and SHG response of a BFO thin film capped with 4 nm Pt. While no in-plane PFM domain contrast is observed, the polarizer SHG measurement can identify the direction of the macroscopic polar axis of the buried BFO layer (see Figure 9b ). Contrary to SPM techniques, the SHG signal can therefore be used to probe a polar state in a buried layer and is therefore appropriate for in-operando monitoring of multiferroic magnetoelectric switching events and ferroic domain dynamics. For comparison, the inset shows the domain structure of the uncapped BFO layer. (b) SHG polarizer measurement identifies a polar axis along the vertical orientation, corresponding to the macroscopic net polarization direction, indicated by the white arrows in the insets of (a,b). Reproduced with permission from [88] , Copyright Wiley-VCH Verlag GmbH and Co. KGaA, 2015.
Domain Wall Architecture
During the last decade, a wide variety of novel phenomena has been discovered at domain walls in ferroic systems ranging from unusual electronic conductance to inseparably entangled spin and charge degrees of freedom [114] . Ferroic domain walls are two-dimensional functional objects that can be created and erased on demand, introducing new opportunities for the next generation of rewritable nanoelectronics [115] [116] [117] .
To investigate these nanosized objects, a combination of multiple techniques is required. For instance, a conducting scanning probe tip can be used to write a desired domain pattern and create 180 • domain walls, but it cannot provide information on their internal architecture, i.e., polarization orientation, symmetry, etc. STEM is commonly used to investigate the atomic configuration across a domain wall section [97, 118] but the information is limited to a single projection perpendicular to the domain wall propagation. SHG can provide complementary information on the polar structure of the domain walls. By directly relating the nonlinear susceptibility tensor elements with the symmetry linked to ferroic order in the system, SHG can selectively pick up the signal from different types of domain-wall configurations, determining their internal polarization orientation [119] . The domain wall architecture can therefore be investigated in three dimensions using a combination of STEM and SHG for cross-section and top view structure analysis, respectively.
The SHG image of a ferroelectric PZT thin film exhibiting a mixed a-/c-domain state is shown in Figure 15a . The image, acquired with an in-plane polarization sensitivity [97] , displays stripes along the [001] DSO orientation corresponding to [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] DSO -polarized a-domains together with an artificially poled region.
Strikingly, a non-zero SHG intensity is observed at the edges of the tip-poled region which cannot be explained by the assumed Ising-like 180 • domain walls architecture in strained thin films [97, 120] . At 180 • Ising-like domain walls, the contributions of SHG response from the neighboring opposite domains interfere destructively due to a 180 • phase difference [79, 88] . In addition, in the present optical configuration, i.e., normal incidence, the sensitivity is not set to an out-of-plane oriented polarization. The likely explanation for a non-zero SHG signal at the domain wall is therefore the existence of an in-plane polarization component within the ferroelectric domain wall itself. This corresponds to the presence of a Néel or Bloch component of the polarization, usually observed at domain walls in ferromagnetic systems [121] . It is also interesting to note that, although the PFM line profile in the switched region in Figure 15b shows a single c-domain state, the SHG signal profile, which probes the total film thickness, reveals the presence of persisting buried a-domains in the same region [97] .
The combination of STEM and SHG allows the investigation of 180 • domain walls in cross-section and top view, respectively. The Ising component observed when mapping atomic displacement across the wall (Figure 15c ) combined with a polarization component perpendicular to the domain wall plane identified by SHG imaging (Figure 15a ), led to the demonstration of mixed Ising-Néel behavior of the PZT thin film ferroelectric wall [97, 122] . 
Future Perspectives

Remaining Challenges in 3D Resolution in Thin Films
In standard ferroelectrics, 180 • domain walls used to be considered Ising-like due to the strong correlation between strain and polar distortion [123] . The observation of tilted mixed Ising-Néel walls in thin films is suggesting new opportunities at these functional interfaces-one can push the analogy further, to magnetic domain walls, and expect to probe a Bloch behavior at a ferroelectric thin film domain wall. In LiTaO 3 crystals [122] , the detection of a polarization component within the plane of the wall by SHG allowed the identification of the Bloch-like nature of 180 • domain walls, as shown in Figure 16a . The observation of such a wall type in thin films is still unreported.
In bulk materials, imaging techniques are gaining increasing interest with the push towards the internal structure analysis of single domain walls. The full mapping of ferroelectric domain walls can now be performed during their creation at the ferroelectric phase transition and in three dimensions using temperature dependent confocal SHG microscopy [124] [125] [126] , as shown in Figure 16b in the case of ferroelectric triglycine sulfate (TGS) [127] .
Regarding thin films, the optical investigation of domain walls remains challenging due to the optical resolution limit and the limited SHG active domain wall volume. Recent progress dealing with laser-scanning SHG microscopy [128] and near-field SHG nano-imaging [129, 130] where tip-enhanced SHG signals are collected with a spatial resolution approaching the submicron range [131, 132] has been achieved and opens new avenues towards the symmetry analysis of nanoscale objects. 
Probing Ferroelectric Heterostructures during the Growth Process
Significant advances have been made in the growth quality of thin film oxide ferroelectrics. Still, the process has been lacking control of the polar state in multilayer architectures. Most of the technological applications for ferroic thin films require a deterministic control of the domain state. Ferroelectric tunnel junctions require the stabilization of a single-domain state to maximize the polarization-orientation dependent change in conduction between the switched states [133, 134] . In the case of tetragonal ferroelectric-based memory, the presence of the as-grown in-plane domains hinders the switching process of the out-of-plane polarization state [2, 96] . Eliminating the in-plane domains in these systems would thus be of interest [135] . On the other hand, in multiferroic heterostructures aiming towards the electrical control of magnetization, a specific domain configuration triggers deterministic switching events [111] .
To achieve full polarization control of a heterostructure, one needs to be able to monitor the polarization during the growth process. Most of the classical ferroelectric epitaxial strained systems are in fact grown in their polar phase [33, 61, 136] . However, none of the traditional thin-film characterization techniques can be implemented in situ due to their invasive nature and the extreme conditions during deposition, such as high substrate temperatures and pressure variations. Synchrotron x-ray-based techniques, which are sensitive to periodicity in polar systems, i.e., lattice parameter and periodic domain splitting, have been used to show that past a critical thickness, BTO thin films experience an increased tetragonality during the growth process [21, 136] . A schematic of the experimental setup is shown in Figure 17a ,b with the corresponding measurements. These pioneering experiments revealed the emergence of the polar state during the growth and broadened the investigation of ferroelectric materials in situ. This technique, however, requires high intensity flux and is limited to highly periodic patterns.
SHG is sensitive to symmetry breaking at the emergence of all ferroic orders, which makes it an ideal technique for studying not only single-and complex-domain states but also the transition from one to another. Its non-invasive and non-destructive nature renders the optical coupling into a growth chamber conceivable [61, [137] [138] [139] . Aside from a few attempts to characterize growth of metallic ferromagnets [138, 140] and its use as a surface reaction probe [141] , the SHG potential as oxide growth diagnostic tool during the pulsed laser deposition process has only recently been demonstrated [61] . A schematic of the in situ SHG (ISHG) experimental setup is shown in Figure 17c .
Direct access to the thin film polarization during its growth is achieved in real time using ISHG. The emergence of the ferroelectric polarization in BTO is shown in Figure 17d . The ability to probe multilayer systems [61, 120] opens new avenues towards understanding the complex interplay between strain, interfaces, and electrostatics in oxide superlattices. Interfering signals originating from each polar constituent of a superlattice result in destructive or constructive interference depending on their relative polarization orientation. For instance, Figure 17e shows a succession of increasing ISHG intensity during the growth of ferroelectric BFO layers with parallel polarization orientation. The growth of oppositely polarized layers results in a decrease of the signal [61] . Depolarizing field, strain, interfaces, and thickness-related effects on the ferroic state of oxide thin films can now be accessed in real time during the synthesis being the key to full deposition and functionality control for interface-based oxide-electronic devices.
Towards Magnetoelectric Switching Dynamics
Now that non-destructive access to a buried ferroelectric domain configuration is gained using SHG, tracking its dynamic response to external perturbations is enabled. It is possible, for example, to apply an electric field to magnetoelectric devices and track the resulting shifts in the magnetic domain pattern. To the best of our knowledge, only a few experiments were carried out with the scope of monitoring the multiferroic, respectively magnetoelectric switching dynamics [13, 142, 143] . In the case of BFO thin films, the kinetics of the electric field induced reversal of the canting of the antiferromagnetically aligned spins has been investigated using time dependent dual-frequency PFM studies and first principle calculations [13] . A two-step switching process of the coupled polarization and the antiferromagnetic order results in the observed electric field induced magnetization reversal.
In another study, SHG measurements performed on bulk MnWO 4 revealed a surprisingly slow reversal of the magnetic order parameter by an electric field on the time scale of milliseconds [143] . Hence, although understanding the switching dynamics rather than solely the presence of a magnetoelectric coupling is essential for any type of device application, research in this direction remains an underdeveloped topic. The non-invasive nature of SHG may now pave the way to such investigations [88, 113] in multifunctional thin film architectures.
Parallel to this, alternatives to multiferroic and magnetoelectric switching mechanisms are gaining increasing interest in the push for low-energy-consuming electric-field control of magnetization. Spin-orbit-torque-based magnetic domain switching may serve as an example here [144] . Recent experiments have demonstrated a current induced magnetic switching in the picosecond regime [145] .
Conclusions
Optical SHG is an established tool to investigate the ferroic nature of single crystals. It enabled major achievements in the field of ferroelectrics and multiferroics [16] [17] [18] . It relies on the ability to selectively probe several order parameters in one experiment which has a great impact on multiferroic dynamics [38] and on the observation of coupled magnetic and electric domains in a multiferroic compound [146] . Recent advances in ferroic domain engineering in thin films using epitaxial strain as a new degree of freedom are progressively rendering optical characterization of nanoscale ordered ferroic domains in thin films possible. Polar axis orientation, Curie temperature, strain tuning of the ferroelectric polarization and electric field induced switching events can now be probed non-invasively with monolayer accuracy.
Because the SHG probe has a long working distance, the investigation of the emergence of the polarization during the thin film deposition process can be designed [61] . In parallel with in situ structural knowledge gained with RHEED, in situ SHG gives the functional information in real time during the synthesis. The ISHG characterization is not affected by the extreme conditions during the growth process and can improve the understanding of ferroelectricity from the first unit cell deposited. The direct access to the ferroic domain state during growth is opening new routes towards the full control over ferroelectricity. The manipulation of the polarization orientation during the growth in a multilayer will have an important role in future applications. In addition, artificial domain walls with arbitrary polarization sequences [120] offer a wide range of physical properties [11, 114, 120] and can for instance be designed on demand. A possible application would deal with the ability to electrically tune the symmetry environment of a layer sandwiched between two ferroelectric films [120] . The capacity to set and verify buried polar states during the growth [61] allows tuning of the strain, charge and symmetry environment of an adjacent active layer such as symmetry sensitive topological states, metal insulator transitions or colossal magnetoresistance systems. Furthermore, in situ SHG will support efforts in the understanding of polar states in the ultrathin regime and in complex oxide-based heterostructures and superlattices. For example, the development of the technologically promising voltage amplification based on transient negative capacitance in ferroelectric heterostructures will greatly benefit from the investigation of the early stage of ferroelectric vortex formation [50, 51] .
